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Abstract
Let C be any family of 2n disjoint compact convex sets in the plane. If C has f-equal width
for some direction f, then 2n=3 pairs of elements in C can always be matched by disjoint
line segments and more than 4n=5 pairs cannot occasionally be matched. Furthermore, if C is
a family of translates of the set satisfying a certain constraint, then 4n=5 pairs of elements can
always be matched by disjoint line segments. ? 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
It is well known that a =nite point set in the plane admits a simple circuit (the
boundary of a simple polygon) or a Hamiltonian cycle formed by straight line seg-
ments. For one natural generalization of this fact, Rappaport [7], Rappaport et al. [8]
and Mirzaian [4] considered a given set of disjoint line segments. They studied the
existence of various simple circuits whose vertices consist of the set of endpoints of
the line segments and whose edges do not cross any line segment, i.e. they considered
the construction of Hamiltonian cycles for the speci=ed point set satisfying a certain
constraint.
As another generalization of the above fact, is there always such a Hamiltonian
cycle if instead of points we have other geometric objects? An example of a family
of disjoint disks {C1; C2; : : : ; C2n} that does not admit not only a Hamiltonian cycle
but also a perfect matching is shown in Fig. 1. The related problems to this question
was studied by Arkin and Hassin [1]. In this paper, we consider a family C consisting
of an even number of =nite disjoint compact convex sets, and estimate the size of
the maximum matching, with disjoint matching edges, contained in the visibility graph
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Fig. 1.
of C by addressing the characteristic directions for the family. Some related results
of the visibility graph can be found in [5,6]. Recently, it was showed in [3], by a
global construction, that there exists such a perfect matching for any family of disjoint
translates of a compact convex set.
2. Preliminaries
We will give some basic de=nitions. Notations will be introduced throughout the
paper as needed.
Let C = {Ci | i ∈ I} be a family of =nite disjoint compact convex sets in the plane.
We say that Ci and Cj see each other if there exists a straight line segment l connecting
the boundaries of Ci and Cj such that l lies in the complement of C \{Ci; Cj}. We call
such a line segment a line of sight. The visibility graph of C associates a vertex to
each element of C, and an edge joins two vertices if and only if the associated elements
see each other. We de=ne a matching, denoted by M , of C as a set of disjoint lines of
sight such that no two lines of sight connect with some element of C. If there exists
a set M with 2|M | = |C|, we say that C has a perfect matching of M . If there is a
line of sight connecting Ci and Cj, it is said that Ci is matched with Cj by this line
of sight.
A line l is said to be a support line of Ci if a closed half-plane determined by l
contains Ci and l intersects Ci. Fix any one point in l ∩ Ci, and call it a supporting
point of Ci for l. Let f be a direction in R2. The f-width of Ci is the perpendicular
distance between two distinct parallel support lines of Ci which are normal to f. If
for every pair i and j, Ci and Cj have the same f-width for some f, then C is said
to have f-equal width (Fig. 2). Without loss of generality we assume hereafter that f
is the direction given by the vector (0,1). We denote the horizontal support line above
Ci or below Ci by lU(Ci) or lL(Ci), respectively, and denote the supporting point
for lU(Ci) or lL(Ci) by Pi or Qi, respectively (ties are arbitrarily broken). Similarly,
denote the vertical support line on the right of Ci or on the left of Ci by l+(Ci) or
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Fig. 2. C has f-width.
Fig. 3.
l−(Ci), respectively. In particular, denote the y-coordinate of Qi by ci, and call it the
supporting value of Ci. See Fig. 3.
3. Results
This section contains the main theorems. In the proofs, we construct a decomposition
of the plane into parallel strips and try to join the proper elements in each strip to
obtain the desired matching, taking care of the interferences of obstructive elements.
Theorem 3.1. Let C be any family of 2n disjoint compact convex sets with f-equal
width in R2. Then 2n=3 pairs of elements in C can always be matched and more
than 4n=5 pairs of elements cannot occasionally be matched.
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Proof. We show the =rst assertion by applying the plane sweep method [2] using the
sweep line parallel to the x-axis from bottom to top, such that each event point is
the supporting point Pi for an element Ci. Let V (t) be the set of elements intersecting
the sweep line y= t. The sweep line, initially at the bottommost event point, will stop
at the proper event points chosen from at most 2n such event points. If there exists a
matching M for C′ ⊆ C with 2|M |¿ 
2|C′|=3, we say that C′ has a proper matching
of M .
The following construction is done at each step of our algorithm.
(Case I) |V (t)|¿ 2: V (t) has a proper matching of some line segments on the
sweep line y= t. We move the sweep line to the event point whose elements have the
minimum supporting value more than t.
(Case II) |V (t)| = 1: Consider the family B with the minimum supporting value c
more than t to construct a proper matching for V (t) ∪ B. Let V (t) = {Cj} and let the
leftmost element of B be Ck . Then there is a proper matching of some line segments
on the line y=c or the line segment PjQk . We move the sweep line to the event point
whose elements have the minimum supporting value more than c.
At each step we obtain a proper matching without the interferences of obstructive
elements since C has f-equal width. While the algorithm proceeds, we obtain an
increasing subfamily which maintains the property of a proper matching. In particular,
when the event point in (Case II) is the last one, we also obtain a solution since
|V (t)|= 1 and C \ {V (t)} has a proper matching by our method.
Fig. 4 gives a family of line segments, rectangles and trapezoids, and its visibility
graph which contains a maximal matching of at most 4n=5.
The following lemma is essential for the proof of the next theorem and it is posed
in [3].
Lemma 3.1. Let D˜ be a compact convex set in the plane, that is neither a triangle
nor a line segment. Then there exist four points on the boundary of D˜: N; E; S;W
not all on the same line; and a coordinate system in which the line through N; S is
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Fig. 5. The characteristic coordinate system of D˜ and translates of D˜.
vertical; and the line through E;W is horizontal; such that N and S are contained in
horizontal support lines; and E and W are contained in vertical support lines.
We call such a coordinate system the characteristic coordinate system of D. For a
line segment s, de=ne the characteristic coordinate system of s such that s is parallel to
one of the coordinate axes. For a triangle T , de=ne the characteristic coordinate system
of T such that one coordinate axis is parallel to the base and the other axis is parallel
to any line intersecting the base and passing through the apex. For a given compact
convex set D and the characteristic coordinate system of D in R2, Fig. 5 shows four
translates of the parallelogram inscribing D. Note that there exist four points on the
boundary of D, each of which is on both the actual line and the dotted line which are
parallel to the x- or y-axis.
Moreover, let C={Ci | i ∈ I} be a family of disjoint translates of a compact convex
set D and consider the characteristic coordinate system of D in R2. Then the following
claim holds by the convexity of D.
Claim 3.1. Consider an element C0 of C. If Ci is an element such that ci ¡ c0 for
the supporting values; then Ci never intersects the closed region R1 surrounded by
l−(C0); l+(C0); lU(C0) and the boundary of C0. Similarly; for ci ¿ c0; Ci never inter-
sects the closed region R2 surrounded by l−(C0); l+(C0); lL(C0) and the boundary of
C0. See Fig. 6.
We consider two such distinct directions belonging to a family for Theorem 3.2.
Theorem 3.2. Let C be any family of 2n disjoint translates of a compact convex set
D and consider the characteristic coordinate system of D in R2. If the supporting
value of any element of C is distinct from the others; then 4n=5 pairs of elements
in C can always be matched.
Proof. Let C={C1; C2; : : : ; C2n} such that c1¡c2¡ · · ·¡c2n for the supporting values
and denote the x-coordinate of l+(Ci) or l−(Ci) by x+(Ci) or x−(Ci) for every i,
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respectively. Since C has f-equal width, denote the common f-width by d. We apply
the same plane sweep method as in Theorem 3.1 using the sweep line parallel to the
x-axis from bottom to top, such that each event point is the supporting point Pi of
each Ci. Let V (t) be the set of elements intersecting the sweep line y= t. The sweep
line, initially at the bottommost event point, will stop at the proper event points chosen
from 2n such event points. We also say that C′ has a proper matching of M if there
exists a matching M for C′ ⊆ C with 2|M |¿ 
4|C′|=5.
The following construction is done at each step of our algorithm.
(Case I) |V (t)|=2 or |V (t)|¿ 4: V (t) has a proper matching of some line segments
on the sweep line y = t. We move the sweep line to the event point whose element
has the minimum supporting value more than t.
(Case II) |V (t)|=1: For V (t)=Cj, consider the element Cj+1 to construct a perfect
matching for {Cj; Cj+1}. Then Cj can be matched with Cj+1 by the line segment
PjQj+1. We move the sweep line to the event point Pj+2.
(Case III) |V (t)|=3: Let V (t)={Ck; Ck+1; Ck+2}={C(1); C(2); C(3)} such that x+(C(1))
¡x+(C(2))¡x+(C(3)) and consider the element Ck+3 to construct a perfect matching
for V (t) ∪ {Ck+3}. After the following construction we move the sweep line to the
event point Pk+4.
We claim by virtue of this characteristic coordinate system that none of C(1) and C(3)
can be contained in the strip between l−(C(2)) and l+(C(2)), that is, x+(C(1))¡x+(C(2))
and x−(C(3))¿x−(C(2)). Moreover, if Ck+3 is contained in this strip, ck+3¿c(2) + d.
We suppose that x+(Ck+3)6 x+(C(2)) without loss of generality.
(A) c(1)¿c(2). If ck+3¿ c(1) + d, we can match Ck+3 with C(1) or C(3) by some
line segment on the line P(1)Qk+3. Otherwise, Ck+3 can be matched with C(1) or C(3)
by some line segment on lL(Ck+3) by the convexity of C(2).
(B) c(1)¡c(2). We claim that we cannot easily match Ck+3 with C(1) by P(1)Qk+3
if other elements obstruct the connection. Thus we pay attention to the regions in
Claim 3.1.
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(i) x+(Ck+3)¿ x−(C(2)). Let p be the point of intersection of lL(Ck+3) and
l−(Ck+3).
(a) x+(C(1))¡x−(Ck+3). If c(1) + d6 ck+3; Ck+3 can be matched with C(1) or
C(3) by some line segment on the line P(1)p by Claim 3.1 and the convexity of
C(2). Otherwise, Ck+3 can be matched with C(1) or C(3) by some line segment on
lL(Ck+3).
(b) x+(C(1))¿ x−(Ck+3). If x+(Ck+3)¡x+(C(2)), we can obtain some line l paral-
lel to the y-axis in the strip {(x; y) | x−(Ck+3)6 x6min{x+(C(1)); x−(C(2))}} which
intersects both C(1) and Ck+3 without intersecting C(2). Then Ck+3 can be matched with
C(1) by some line segment on the line l by Claim 3.1. For x+(Ck+3)= x+(C(2)), if we
slightly rotate the line l−(Ck+3) with center p so that it cannot intersect C(2), we can
also =nd the desired line segment on the line between C(1) and Ck+3.
(ii) x+(Ck+3)¡x−(C(2)). If x+(C(1))¿ x−(C(2)); Ck+3 can be matched with C(1) as
in (i). Otherwise, we can match Ck+3 with C(1) by P(1)Qk+3 or some line segment on
lL(Ck+3).
At each step we obtain a proper matching without the interferences of obstructive
elements. While the algorithm proceeds, we obtain an increasing subfamily with a
proper matching. In particular, when the event point in (Case II) is the last one, the
assertion holds since C \ V (t) has a proper matching. When the event point in (Case
III) is the last one, a pair of elements of V (t) can be matched by some line segment
on y = t. Since C \ V (t) has a proper matching, the assertion also holds.
We end with the following conjectures.
Conjecture 1. There exists a family of 2n disjoint compact convex sets with f-equal
width in R2 in which more than 2n=3 pairs of elements cannot be matched.
Consider a path in a family of n disjoint congruent disks in the plane using non-crossing
lines of sight. By the sweep method we cannot easily construct a path with length O(n)
because of the interferences of other elements, however, it is trivial that there exists a
path with length
√
n.
Conjecture 2. There exists a path with length O(n) in a family of n disjoint congruent
disks in the plane using non-crossing lines of sight.
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